Quantum fluctuating CGHS geometries and the information paradox by Eyheralde, Rodrigo et al.
Quantum fluctuating CGHS geometries and the information paradox
Rodrigo Eyheralde,1 Rodolfo Gambini,1 and Aureliano Skirzewski1, 2, ∗
1Instituto de F´ısica, Facultad de Ciencias, Igua´ 4225, esq. Mataojo, 11400 Montevideo, Uruguay.
2Centro de F´ısica Fundamental, Facultad de Ciencias, ULA, Venezuela.
We study Hawking radiation on the quantum spacetime generated by a quantum ingoing null shell
in the 2d theory proposed by Callan-Giddings-Harvey-Strominger (CGHS). The quantum spacetime
is a superposition of classical geometries with uncertainty in position and momentum of the col-
lapsing shell. The Hawking radiation spectrum is computed, revealing a non-thermal behaviour for
finite time as well as a dependence on the shell’s physical degrees of freedom. Hawking radiation’s
dependence on the collapsing shell becomes irrelevant in the late time approximation as we reach i+
since the radiation’s temperature depends exclusively on the cosmological constant. However, we
argue that the information of the quantum state of a collapsing shell can be read from the Hawking
radiation if we perform measurements at I+R taking into account backreaction effects.
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2I. INTRODUCTION
The study of black hole evaporation is one of the most important problems of fundamental physics nowadays. It
involves gravity, quantum field theory and thermodynamics in their full regimes. Hawking’s calculation [1] showing
that black holes radiate with a thermal spectrum initiated the study of this phenomenon. However a complete
understanding of the evaporation process is still lacking and important contradictions between some of the fundamental
principles of physics, [2–6] see also p.49 [7] appear. The standard calculation of Hawking radiation assumes a fixed
spacetime ignoring the fact that the black hole loses mass through the radiation and eventually evaporates [8].
Associated with the evaporation process appears the issue of information loss. The black hole evaporates in a thermal
state characterized by only one number, its temperature, and the information about the matter that formed the black
hole is apparently lost. Having a model calculation for the formation of a black hole and its evaporation including
quantum effects induced by horizon fluctuations would be very useful to gain greater understanding of this process.
In a previous paper [9], Hawking radiation on the quantum spacetime of a collapsing null shell in 3+1 dimensions
was studied. The quantum spacetime was constructed by superposing classical geometries associated with collapsing
shells with uncertainty in their position and mass. Departures from thermality were observed in the radiation even
though backreaction was not considered. The usual profile for the Hawking radiation as a function of frequency was
recovered in the limit where the spacetime is classical. However, when quantum corrections were taken into account,
it was shown that the profile of the Hawking radiation as a function of time contains at least part of the information
about the initial state of the collapsing shell.
Two-dimensional models of black holes were introduced some twenty five years ago [10–14]. Even though they are
simpler than the four-dimensional case, most of the previously mentioned problems are still present [15–19], and a
complete quantum analysis of a collapsing system is still lacking. In this paper we start the study of a collapsing
quantum shell of matter in two dimensions. New techniques for the computation of the Hawking radiation emitted
by the quantum shell are developed. It is shown that in spite of the fact that the temperature of the classical two-
dimensional black hole is universal and independent of the properties of the black hole, the radiation emitted by a
quantum shell depends on its properties. This raises the expectation of being able to recover the information initially
contained in the system.
II. COLLAPSING SHELL
Here we study the collapse of a null shell. In order to do so, let us consider the action of CGHS’s model coupled to
a null shell and a massive scalar field
SCGHS + SShell + Sη =
1
2G
∫
d2x
√
ge−2φ
(
R+ 4∂aφ∂
aφ+ 4λ2
)
−m
∫
dτ
√
−q˙a(τ)q˙a(τ)−
∫
d2x
√
g
1
2
∂aη∂
aη (1)
At the zero mass limit, and considering the first order action written in terms of the momentum p of the shell [20],
one gets
SShell =
∫
dt
[
pq˙ − Nˆη(p)p− Nˆxp
]
, (2)
where η(p) is the sign of p, and Nˆ and Nˆx correspond to the lapse and shift functions of the metric, evaluated at the
shell’s position,
g = −N2dt2 + q(dx+Nxdt)2.
Additionally, we have considered the coupling with a quantum scalar field η, whose quantum correlations allow us to
take into account the black hole radiation.
The variations of the action with respect to the metric lead to
0 = ∇a∇be−2φ − gab∇c∇ce−2φ − 4e−2φ∂aφ∂bφ+ 2gabe−2φ∂cφ∂cφ+ 2gabλ2e−2φ +GTab (3)
where
Tab =
p(aq˙b)√
g
δ(x+ − x+0 ) + ∂aη∂bη −
1
2
gab∂cη∂
cη. (4)
3Using Kruskal coordinates (given by g = −e2ρdx+dx−) and assuming the shell comes from the point x+ = x+0 in I−R,
the only non zero components of the connection are Γ±±± = 2∂±ρ and the curvature is R = 8e−2ρ∂+∂−ρ. Thus,
equations of motion for g+− and the dilaton φ are
−2∂+∂−φ+ 4∂+φ∂−φ+ λ2e2ρ = 0 (5)
−2∂+∂−ρ+ 4∂+∂−φ− 4∂+φ∂−φ− λ2e2ρ = 0. (6)
One can show by considering the addition of the previous equations and coordinate transformations that the system
admits a gauge fixing ρ = φ [10]. The coupled CGHS/Shell’s equations (for a collapsing shell with momentum p < 0
and no classical modes for the scalar field η) become
0 =
(
∂2−e
−2ρ −∂+∂−e−2ρ − λ2
−∂+∂−e−2ρ − λ2 ∂2+e−2ρ − 2Gpδ(x+ − x+0 )
)
(7)
whose solution is given up to translations by
e−2ρ =
GM0
λ
− λ2x+x− + 2Gp(x+ − x+0 )Θ(x+ − x+0 ), (8)
where M0 is an integration constant that will be associated to the mass of a previously existing black hole. In
the following section we are going to identify the observable quantities that can be defined for this system for its
quantization.
A. Canonical formulation of CGHS’s action
In this section we introduce the canonical analysis of the dynamics of the CGHS model by following [8, 14, 21].
The CGHS’s action [22, 23] can be rewritten in a vielbein formulation
SCGHS =
1
G
∫
d2x
{
−XIab(∂[aeb]I + IJω[aeb]J) + 1
8
Φ2∂[aωb]e
IJeaIe
b
J +
1
2
ηIJeeI
aeJ
b∂aΦ∂bΦ +
1
2
λ2eΦ2
}
. (9)
with local Minkowski invariant tensors ηIJ , 
IJ , frames eIa, spin connection ωa = e
ν
J
J
I(∂µe
I
ν−ΓλµνeIλ), dilaton Φ = 2e−φ
and Lagrange multipliers XI . By analogy with 3 + 1 gravity as in [24], the spatial line element may be written as
ds2 = (Eϕ)2dx2 and Ex = e−2φ, a new set of variables can be chosen for the canonical formulation of the CGHS
action [23].
At this point we follow [23] and substitute the lapse and shift functions by
N =
(Ex)′
EϕEx
N¯ , and Nx = N¯x − Kϕ
EϕEx
N¯
where F ′ := ∂xF = ∂+F + ∂−F . We can then rewrite the constraints in the Hamiltonian formulation as
H(N¯) =
1
G
∫
dx N¯
[
1
2
Ex′2
Eϕ2Ex
− 2Exλ2 − 1
2
K2ϕ
Ex
−GpF (x+0 )Θ(x+ − x+0 ) + 2λGM0
]′
(10)
for a collapsing shell with p < 0, and
D(Nx) =
1
G
∫
dxN¯x
(−UxEx′ + EϕK ′ϕ − pδ(x+ − x+0 )) , (11)
where the new set of canonical pairs Kϕ, E
ϕ, Ux, E
x, satisfy {Kϕ(x), Eϕ(y)} = Gδ(x − y) and {Ux(x), Ex(y)} =
Gδ(x− y) and all the other brackets are trivial. They can be related to the Kruskal coordinates representation of the
black hole’s metric (8) setting Kϕ = − 12 PΦΦEϕ (eq. (3.29) in [23]), x± = t ± x,
√
q = eρ, N = eρ, Nx = 0, and ρ = φ.
From our basic assumptions we can also determine the expressions for
PΦ =
√
q
N
(Nx∂xΦ− ∂tΦ) and F (x) = − Kϕ
EϕEx
+
(Ex)′
(Eϕ)2Ex
. (12)
4B. CGHS/Shell observable quantities
We are now ready to identify the Dirac observables. From the gravitational part of the Hamiltonian, let us define
Hg(x) =
1
2
Ex′2
Eϕ2Ex
− 2Exλ2 − 1
2
K2ϕ
Ex
. (13)
Integrating by parts in (10) and taking into account the boundary terms at spatial infinity, we can redefine the total
Hamiltonian as
H(N¯) = − 1
G
∫
dx N¯ ′
[
Hg +G|p|F (x+0 )Θ(x+ − x+0 ) + 2λGM0
]
+ N¯+2λM+ + N¯−2λM− (14)
where M− = M0 is the mass of a previously existing BH and M+ = M0 +
|p|F (x+0 )
2λ is the mass of the black hole after
the collapse of the shell. For simplicity, we will restrict our attention to the I+R observables. M+ can be evaluated on
the shell’s BH solution (8)
M+ = M0 − pF (x
+
0 )
2λ
= M0 − pλx+0 ,
which tells us that the collapse of the shell increases the black hole’s mass. If M0 = 0 there is no black hole spacetime
until x+ ≥ x+0 and the mass turns to M = −pλx+0 after the collapse of the shell. The function F (x) given in (12) can
be used to define two Dirac observables. One of them is the mass of the shell
M = −pF (x
+
0 )
2λ
. (15)
To prove it, let’s compute it’s Poisson bracket with the total Hamiltonian. We start by computing
{
F (x), Hg(y)
}
=
{
F (x), Hg(y)
}
grav
+


:
0{
F (x), Hg(y)
}
Shell
= GF 2(x)δ(x− y), (16)
where grav and shell reffer to the restriction of the Poisson brackets to the gravitational and shell degrees of freedom
respectively. It follows that{
− pF (x
+
0 )
2λ
,Hg(x)−GpF (x+0 )Θ(x+−x+0 )
}
=
{
− pF (x
+
0 )
2λ
,Hg(x)
}
grav
+
{
− pF (x
+
0 )
2λ
,−GpF (x+0 )Θ(x+−x+0 )
}
Shell
= 0,
(17)
showing that M is in fact a Dirac observable.
Additionally, we can recognize another Dirac observable [21] of the coupled system
V = −
∫ ∞
x+0
dy
2λ
F (y)
(18)
whose Poisson bracket with the total Hamiltonian (as in (17)) can also be shown to be zero. The observable V is
associated with the Eddington–Filkenstein coordinate v of an observer at I− from which the shell is incoming or
exiting. It can also be shown that V is canonically conjugate to M since
{M,V } =
:0{M,V }grav + {M,V }Shell = 1. (19)
In what follows we will use these Dirac observables for the quantum description of the shell and the induced
spacetime. Observable quantities can be recognized by their dependence on M , V and classical parameters such as
the coordinates at I±R/L.
III. HAWKING RADIATION
The Hawking radiation is a flux of particles released by black holes due to quantum effects near the event horizon.
Here, it will be expressed in terms of the expectation value of the density number operator Nˆout of a massless quantum
5field. In the CGHS/Shell model coupled to a quantum massless scalar field, radiation is observed at I+R due to the
effects of dilatations on the flux of particles of the scalar field operator η(x, t), from I−L to I+R . In fact, since the free
scalar field equation is
∂+∂−η = 0
the free scalar field operator is decomposed into right and left moving parts η(x, t) = ηR(x
−) + ηL(x+) that evolve
independently. Hawking radiation is determined only by right moving initial data. Therefore, from this point on,
we will pay attention only too ηR(x
−) and the observables defined from it. In the 3 + 1 BH the geometric optics
approximation is needed to do this separation but here it arises naturally. In I−L the field operator can be represented
as
ηinR (x, t) =
∫ ∞
0
dω
{
fω(x
−
in)aω + f
∗
ω(x
−
in)a
†
ω
}
, (20)
where fω(x) are a basis of classical solutions of the wave equation, labeled by ω and normalized a la Dirac on I−L with
the norm conserved by the Klein Gordon’s equation
(fω, fω′) = −i
∫
I−L
dx−in
(
fω∂−f∗ω′ − ∂−fωf∗ω′
)
. (21)
A natural plane wave basis is the one given by fω(x
−
in(σ
−
in)) =
1√
4piω
e−iωσ
−
in for right moving modes, with −λx−in =
e−λσ
−
in at I−L .
Aside from the natural separation in right and left moving modes, another remarkable property of this model is
that the density number of particles can be determined at any null surface with constant x+ = x+m for a constant
quantum state |Φ(x+m)〉 = |0in〉. Unlike on 3+1 models, a natural decomposition of the scalar field in positive and
negative frequency modes can be done in any constant x+ = x+m, where
x− = x−in −
2Gp
λ2
+
2Gpx+0
λ2x+m
. (22)
In particular, in I+R
x−out = x
−
in −
2Gp
λ2
. (23)
We will start by studing Hawking radiation as seen in this assymtotic region and then extend the results inside the
bulk.
A. The expectation value of the number of particles
We are now going to describe the evolution of the scalar field in order to establish the radiation that escapes from
the black hole and reaches I+R . As we mentioned before, it is possible to find a set of normalized functions as in (21)
at I+R and write the scalar field as in (20)
ηoutR (x, t) =
∫ ∞
0
dω
{
fω(x
−
out)bω + f
∗
ω(x
−
out)b
†
ω
}
. (24)
Using this, we can define the expectation value of the number of particles, either on I−L or on I+R , for a frequency ω.
While the first one can be computed by taking the mean value of
Nˆin(ω) = aˆ
†
ωaˆω
(and is obviously zero for the ’in’ vacuum |0in〉 given by aˆω|0in〉 = 0 for all ω), the second is obteined as the expectation
value of
Nˆout(ω) = bˆ
†
ω bˆω.
6The known result is that it does not vanish on the quantum state |0in〉 because this not a zero particles state at I+R .
The result is the observation of Hawking radiation at I+R . To comute it we use the identification
ηoutR (x
−
out) = η
in
R (x
−
in(x
−
out))
for the right moving modes in both asymtotically flat regions. The annihilation operator of the η fundamental
excitations in I+R is
bˆω := (fω(x
−
out), ηout)I+R = (fω(x
−
out(x
−
in)), ηin(x
−
in))I−L =
∫ ∞
0
dν
{
α∗ων aˆν − β∗ων aˆ†ν
}
, (25)
with Bogoliubov coefficients
αων =
(
fω(x
−
out(x
−
in)), fν(x
−
in)
)
; βων = −
(
fω(x
−
out(x
−
in)), f
∗
ν (x
−
in)
)
(26)
After its transit through near BH geodesics, the right moving modes get scaled and the βων are not vanishing. Because
of that, the annihilation operator bˆω act on the vacuum state with non trivial effects. To compute this Bogoliubov
coefficient we set x−out(x
−
in) = x
−
in − 2Gpλ2 and −λx−out = e−λσ
−
out so,
βων = − 1
2piλ
(−2Gp
λ
)iω+νλ √ω
ν
B(−iω + ν
λ
, i
ω
λ
) (27)
where B(a, b) = Γ(a)Γ(b)Γ(a+b) , is the beta function. Now, instead of computing the number density opperator, is useful to
introduce the so called density matrix operator bˆ†ω1 bˆω2 which has the number density operator as diagonal but also
has off-diagonal terms. Its expectation value is
ρ(ω1, ω2) = 〈0in|bˆ†ω1 bˆω2 |0in〉 =
~√ω1ω2
(2piλ)2
(
− 2Gp
λ
)iω1−ω2λ Γ(iω1λ )Γ(−iω2λ )
pi
K(ω1, ω2) (28)
where
K(ω1, ω2) =
∫ ∞
0
dν
λ
sinh(pi
ν
λ
)Γ(−i(ω1 + ν
λ
))Γ(i(
ω2 + ν
λ
)). (29)
In the above expression for K(ω1, ω2) we have left the explicit integral as we have not found an analytic expression
for it. However, it should be pointed out that (29) becomes divergent for ω1 = ω2, it is this divergence what makes
thermal behavior to dominate over other contributions to the number of particles.
The integral we have to perform involves the Gamma function. On the imaginary axis the Gamma function can be
expressed as [25, 26]
Γ(iy) =
√
pi
y sinh(piy)
eiϕ(y)
with
ϕ(y) = y ln(|y|)− pi
4
sgn(y)− y + y
∞∑
m=1
(−1)mB2m
2m(2m− 1)y2m = −
pi
2
sgn(y)− γy − y
∞∑
m=1
(−1)mζ(2m+ 1)y2m
2m+ 1
,
where B2m are Bernoulli numbers B2m = { 16 ,− 130 , 142 ,− 130 , . . . } and ζ(2m + 1) is the Riemann zeta function. For
small and big values of y, a valid approximation can be obtained from a truncation of the power series expansion
proposed above. The density matrix can now be rewritten as
ρ(ω1, ω2) =
~
2piλ
∫ ∞
0
dν
√
1
ω1 + ν
( 1
e2pi
ω1
λ − 1 −
1
e2pi
ω1+ν
λ − 1
)√ 1
ω2 + ν
( 1
e2pi
ω2
λ − 1 −
1
e2pi
ω2+ν
λ − 1
)
eiF (ω1,ω2,ν,σ0),
(30)
where
F (ω1, ω2, ν, σ0) = ϕ(
ω1
λ
) + ϕ(
ω2 + ν
λ
)− ϕ(ω1 + ν
λ
)− ϕ(ω2
λ
)− (ω1 − ω2)σ0.
7It is clear in this representation that the particles density N(ω) = ρ(ω, ω) is infinite because F (ω, ω, ν, σ0) = 0 and
the integral contains a logarithmic divergence. The reason for this result is the use of an improper basis with perfectly
defined frequencies to calculate the density matrix. This way we are including the contributions to the radiation from
all times. Additionally, since we do not consider back-reaction, the total emission of energy also adds up to infinity.
In order to define time dependent density of particles Nω(σ
−
out) we will use two different approaches. First we will
use the Wigner’s Functional [27] as defined by
Nω(σ
−
out) =
∫
dω′ρ(ω +
1
2
ω′, ω − 1
2
ω′)eiω
′σ−out with ρ(ω1, ω2) =
1
2pi
∫
dσ−outNω1+ω2
2
(σ−out)e
−iσ−out(ω1−ω2) (31)
where ω1 = ω +
1
2ω
′ and ω2 = ω − 12ω′. Then we will consider wave packets in frequency and time as it was done
originally by Hawking and compare the two.
B. Density matrix’s approximations
Using the saddle points approximation [28] of the Wigner distribution [27] in the high frequency limit we can
estimate the value of the integral as
Nω(σ
−
out) =
∫ ∞
0
dν
∫ 2ω
−2ω
dω′g(ω, ν, ω′)eif(ω,ν,ω
′,σ−out−σ0) =
2pi√
detA
g(ω, ν0, ω
′
0)e
if(ω,ν0,ω
′
0,σ
−
out−σ0), (32)
where σ0 = − 1λ ln(− 2Gpλ ) and A is the Hessian of f for the variables ν, ω′ at the stationary (critical) point of f .
The Wigner’s Functional for the density matrix is then
Nω(σ
−
out) =
∫
dω′ρ(ω +
1
2
ω′, ω − 1
2
ω′)eiω
′σ−out . (33)
Using f(ω, ν, ω′, σ−out−σ0) = F (ω+ ω
′
2 , ω− ω
′
2 , ν, σ0−σ−out) we can find the critical point (ν0, ω′0) for the resolution of the
integral using the stationary phase approximation with ∂νf(ω, ν0, ω
′
0, σ
−
out−σ0) = 0 and ∂ω′f(ω, ν0, ω′0, σ−out−σ0) = 0.
For this we get
(
λ∂νf
2λ∂ω′f
)
=
 ϕ′(ω−ω′02 +ν0λ )− ϕ′(ω+ω′02 +ν0λ )
ϕ′(ω+
ω′0
2
λ )− ϕ′(
ω−ω
′
0
2 +ν0
λ )− ϕ′(
ω+
ω′0
2 +ν0
λ ) + ϕ
′(ω−
ω′0
2
λ ) + 2λ(σ
−
out − σ0).
 (34)
Since ϕ′(x+ y)− ϕ′(x− y) is an odd function in y we conclude that ω′0 = 0, thus we are left with only one equation
λ(σ−out − σ0) = ϕ′(
ω + ν0
λ
)− ϕ′(ω
λ
).
The equation above determines ν0, the critical value of the frequency of the modes at I−R that contribute most to
the density matrix. However, the above equation can be solved exclusively for σ−out − σ0 ≥ 0 as the minimum of
ϕ′(ω+ν0λ )− ϕ′(ωλ ) can be found at ν0 = 0 for all values of ω. Thus
Nω(σ
−
out)=
∫
R
dω′ρ(ω +
1
2
ω′, ω − 1
2
ω′)eiω
′σ−out (35)
= ~
{
1
e2pi
ω
λ − 1 −
1
e2pi
ω
λ e
λ(σ
−
out−σ0) − 1
}
Θ(σ−out − σ0), (36)
where the stationary point has been found in ω′0 = 0 and ν0 + ω ' ωeλ(σ
−
out−σ0) + O(ω−1). Here the first term
corresponds to thermal radiation and the second provides deviations from thermality but its effects last for short
time after the radiation starts. We can’t get a closed expression for ν0 but further corrections in the high frequency
limit λω give ν0 + ω ' (ω − λ
2
2ω )e
λ(σ−out−σ0) + O(( λω )
3). Additionally, the solution to the integral could be further
corrected by incorporating more terms to the stationary point approximation of the integral. Ideally, the energy
radiated would coincide with the one obtained by considering the conformal anomaly (42), which generates a non
trivial transformation of the energy flux from being exactly zero at I−L to a non-zero expression at I+R .
8C. Fast Fourier Transform
We also perform an alternative set of approximations following the analysis performed by [9]. If σ−n =
2pin
 and
ωj = (j +
1
2 ), then the fast Fourier transform [29] can be expressed as
NFFTωj (σ
−
n ) :=
1

∫ (j+1)
j
dω1
∫ (j+1)
j
dω2e
iσ−n (ω1−ω2)ρ(ω1, ω2), (37)
it represents the radiation in a window of time σ− ∈ ( 2pin , 2pi(n+1) ). We rewrite this expression in terms of ω and ω′,
and the leading terms give
NFFTωj (σ
−
n ) =
1

∫ 
−
dω′eiσ
−
n ω
′
∫ (j+1)− |ω′|2
j+
|ω′|
2
dω ρ0(ω +
1
2
ω′, ω − 1
2
ω′). (38)
The diagonal part of the density matrix can be recognized to contribute the most to the particle density, however an
approximation is imperative to be able to solve the integrals. Assuming arg(Γ(iy)) ' y ln(y/e)− pi4 (which is good for
high frequencies) and setting (1− e−2pi νλ )/(1− e−2pi ν+ωjλ ) ' 1 inside the integral in ν1 we get
NTFωj (σ
−
n ) '
~
2pi
1
e2pi
(j+ 1
2
)
λ − 1
∫ 
−
dω′ei(σ
−
n−σ0)ω′(1− |ω
′|

)
(
piδ(ω′) + p.v.
( 1
iω′
))
. (39)
This replicates for the CGHS case the results obtained by Eyheralde et al. [9], resulting in
NFFTωj (σ
−
n ) ' ~
1
e2pi
ωj
λ − 1
(
1
2
+
1
pi
Si((σ−n − σ0)) +
1
pi
cos((σ−n − σ0))− 1
(σ−n − σ0)
)
, (40)
which is basically thermal radiation, with temperature T ∝ λ, times a step function. This corresponds to the solution
(36) in the range λ(σ−out − σ0) >> 1. In fact, with the Time-Frequency analysis we are able to predict the right
starting time for the radiation σ−out = σ0 but the Wigner functional for the density matrix provides further corrections
to the spectrum, i.e. a bigger delay is observed in the amplitude of the radiation with smaller frequencies. This delay
is accounted in first approximation by the substraction of a part of the spectrum that could be described as a thermal
radiation too, with decreasing temperature T˜ ∝ λe−λ(σ−out−σ0).
IV. THE INFALLING QUANTUM SHELL AND HAWKING RADIATION
To take into account the quantum nature of the shell and the spacetime determined by it, we follow the reduced
phase space quantization procedure introduced in section II B. For this reason, we promote the observable quantities
V and M , defined in (18) and (15), to operators satisfying the Heissenberg algebra
[Mˆ, Vˆ ] = i~.
As we have shown, the density matrix operator depends exclusively on σ0 = − 1λ ln
(
− 2Gpλ
)
, which in turn depends
on the quantum observables through pˆ = −M̂e−λV = −e−λVˆ2 Mˆe−λVˆ2 . σ0 marks the initial time for the detection of
Hawking radiation at I+R according to expression (36). It is important at this point to note that, in principle, the
choice of σ−out depends on the properties of the collapsing null shell, i.e. it depends of V and M . However, in this
quantization we identify the conformal null infinity I+R of black hole spacetimes with different values of pˆ by taking
the coordinate σ−out as a common coordinate for I+R independently of the properties of the shell. This way Nω(σ−out)
depends on σ−out as a parameter.
1 Since ω = 1
2
(ω1 + ω2) is the mean frequency of the incoming wave, this is equivalent to considering the late-time limit
9A. Energy density
The quantization of a scalar field in a curved background [30–32] offers many difficulties but some of them can be
overcome when the field is coupled to the CGHS model because in that case the energy momentum tensor is explicitly
renormalizable. In particular, the symmetries of the coupled system and its quantum anomaly provide means to
compute the density flux of energy that reaches null infinity due to the quantum fluctuations of the scalar field. By
taking into account the quantum anomaly of the conformal symmetry, the renormalized energy-momentum tensor
can be written as
Tab = −pδ(x+ − x+0 )
(
1 0
0 0
)
+
(〈: (∂+η)2 :〉 0
0 〈: (∂−η)2 :〉
)
− ~
12pi
(
∂+ρ∂+ρ− ∂2+ρ ∂+∂−ρ
∂+∂−ρ ∂−ρ∂−ρ− ∂2−ρ
)
. (41)
Traditionally, the energy density of the scalar field that escapes to I+R is obtained by considering a conformal trans-
formation that makes 〈: (∂±η)2 :〉 different from zero. Using this conformal anomaly [10, 33] the energy that reaches
I+R at time σ−out is
T−−(σ−out) =
~λ2
48pi
(
1− 1
(1 +
P (x+f )
λ e
λσ−out)2
)
. (42)
Here we follow an alternative procedure. From expression (36) we compute the energy density at I+R as
T p−−(σ
−
out) =
∫ +∞
0
dω~ωNω(σ−out) =
~λ2
48pi
(
1− 1(
−2Gp
λ e
λσ−out
)2
)
Θ(
−2Gp
λ
− e−λσ−out). (43)
Obviously there are significant differences between the two expressions. In the first one, radiation is coming all
the way from −∞ and there is a sharp beginning in the second one. However, we expect this difference around
σ−out = − 1λ ln(− 2Gpλ ), to be smoothed by corrections to the saddle point approximation considered in the derivation
of (43). Although approximate, our result nonetheless gives us insight into the region of the spacetime where most of
the Hawking radiation is being produced.
x+o
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H
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II
r = 0
V
III
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T±± 6= 0T±± ' 0
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FIG. 1: Region I represents a flat region of the spacetime, in II gravitational effects are important but BH radiation
is not intense, in the region IV is where most of the Hawking radiation is produced and regions III and V represent
the interior of the black hole, but differ by the mean energy momentum flux. Equation (43) marks the end point of
the dashed line at I+R , where the energy density of BH radiation suddenly increases. The rest of the dashed line can
be justified by equation (50)
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B. Eigenstates of the Energy density operator
As we have seen, the energy radiated at certain dσ−out is a function of −p, whose quantization has to be performed
in terms of the Dirac observables Mˆ and Vˆ that we have previously studied. The whole quantization can make sense
only if we restrict to the negative eigenvalues of p = −M̂e−λV = −e−λVˆ2 Mˆe−λVˆ2 , but this doesn’t lead to a self-adjoint
operator because the spectral theorem doesn’t apply. Instead, we study the spectrum of pˆ2 = (e−
λVˆ
2 Mˆe−
λVˆ
2 )2, a
self-adjoint operator in the space of eigenvectors of the operator Vˆ , where Mˆ = i~∂v. pˆ2 has a continuum spectrum,
and its eigenvectors are
Rp(v) =
√
2
pi~
e
λv
2 cos(
−p
λ~
eλv). (44)
If the initial state of the shell is given by an eigenstate of pˆ2 the radiated energy would be given by (43), but it would
neither be sharp in V nor M . We may, for instance, study how would Hawking radiation look like for a specific state.
An interesting case to study would be a state as sharp as possible in both V and M around the values v¯ and M¯ , for
instance, a Gaussian
〈v|χgaussian〉 =
√
pi
a
e−
a
2 (v−(v¯+ ia~ M¯))2 .
With such state we could expect Hawking radiation to be better represented by its mean value with respect to the
Gaussian state. Of course, the Gaussian state would smooth out the abrupt start of the radiation, which would be
different from zero at all points in I+R .
Other types of wave functions could be proposed and we could study the different possible mean density energy
fluxes, however it seems these wavefunctions would lead to a statistical mixture of the density energy flux (43) of a
classical shell. No new information could be extracted from the collapsing shell.
An interesting choice of the shell’s wavefunction is one in which the mean energy density of the quantum shell (43)
corresponds to that one obtained through the conformal anomaly (42). If we call it χ(p) = 〈p|χ〉, the equation
T−−(σ−out) = 〈χ|T p−−(σ−out)|χ〉 =
∫
dpT p−−(σ
−
out)|χ(p)|2 (45)
can be solved taking into consideration that the equation looks as a convolution. We obtain
|χ(p)|2 = 3λ
P (x+0 )
−2Gp
(1 +
P (x+0 )
−2Gp )
4
, (46)
however, it can be checked that this wave function is not normalizable and with some suitable choice of a phase they
could form an orthonormal improper basis.
C. Measurements & Information
One may wonder if it is possible to recover the whole information of the shell through repeated measurement of
the quantum system in I+R . We could measure the number of particles within some domain in I+R with frequencies in
some range. The probability to get an eigenvalue would be given by the projector into a specific subspace. Since the
energy flux is an always increasing function, its determination in (σ−out, σ
−
out + dσ
−
out) collapses the state of the system
to a given eigenstate of the energy density (43), i.e. the eigenvectors of pˆ2 (44). The determination of the particle
flux depends on the shell exclusively through the operator pˆ2, and complementary information about the state of the
shell escapes the grasp of the observers at I+R .
In order to recover complementary information about the state of the Shell we have computed the density matrix in
the bulk, at a finite value of x+ = 1λe
λσ+ = x+m =
1
λe
λσ+m . Here, x±m is defined as the position where the measurement
of the density matrix takes place. On this region, with null coordinates x+ = x+in and (22)
x− = x−in −
2Gp
λ2
+
2Gpx+0
λ2x+m
(47)
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the metric looks like
g = − dx
+dx−
−λ2x+x− + 2Gpx+0
x+m
(x+ − x+m)
= − dσ
+dσ−
1− 2Gpx+0 eλσ−(e−λσ
+
m − e−λσ+) , (48)
which is a freely falling frame in coordinates σ± around σ+ ' σ+m. These coordinates enable us to define field
excitations of ηˆ(x) with frequency ω on the null trajectory with x+in = x
+ = x+m. This can be done explicitly in 1 + 1
dimensions since the free massless field equation and consequently the preserved inner product, are independent of
the metric [32]. Thanks to these properties we can perform a Fourier transform and have an interpretation of the
field modes into creation and annihilation operators. Thus, the density matrix can be determined in this region by
computing the Bogoliubov coefficients
βmωω′ = −
1
2piλ
(
− 2Gp
λ
+
2Gpx+0
λx+m
)iω+ω′λ √ ω
ω′
B(−iω + ω
′
λ
, i
ω
λ
). (49)
Unlike (27), here appears a dependence on the mass of the shell M = −λx+0 p. Since the calculations are virtually the
same as in I+R , we just write the result for the Wigner transform
Nmω (σ
−) ' ~
(
1
e2pi
ω
λ − 1 −
1
e2pi
ω
λ e
λ(σ−−σ−atm) − 1
)
Θ(σ− − σ−atm), (50)
where σ−atm = − 12λ log(− 2Gpλ − 2GMλ2x+m )
2 marks the start of the BH radiation at x+ = x+m. This corresponds to
x−in(atm) =
4G
λ2
(p+
M
λx+m
) (51)
and defines a region we will call Atmosphere of the BH. Consequently the radiation in (x+, x−in) coordinates could be
expressed by
T−−(x+, x−in) '
~
48pi
( 1(
x−in − 2Gλ2 (p+ Mλx+ )
)2 − 1( 2G
λ2 (p+
M
λx+ )
)2)Θ(x−in − 4Gλ2 (p+ Mλx+ )). (52)
From the conformal anomaly (41) the analogous expression is
T−−(x+, x−in) =
~
48pi
( 1(
x−in − 2Gλ2 (p+ Mλx+ )
)2 − 1(x−in)2
)
, (53)
and these expressions converge to each other close to the singularity and very far from it. The dependence of the
radiation on the operator Mˆ is suppressed by 1/x+ but measurement of the radiation with finite x+ provides us
with complementary information of the shell’s quantum state that we would otherwise miss by measuring only at I+R .
Eigenvectors of the radiation can be computed, since σ−atm is a self adjoint operator. If we restrict to the case where
the shell’s radiation is measured after the shell has collapsed v < σ+m, the measurements of the radiation projects us
into the subspace of the Hilbert space given by the eigenvectors
R
σ+m
k (v) =
√
2eλv
pi~|1− e−λ(σ+m−v)| cos
(−p
λ~
eλσ
+
m ln
∣∣∣1− e−λ(σ+m−v)∣∣∣), (54)
defined and normalized, as we said, for the region v < σ+m.
D. Backreaction effects in Measurement & Information
We have seen that measurement of the density matrix at finite distance and time can lead to the determination
of the shell’s wavefunction. Yet it cannot be recovered using information exclusively on I+R without considering
backreaction. We hypothesize that when considering backreaction, the eigenstate of the Hawking radiation would
not be constant on I+R as is presently the case. This dependence would clearly come about in the case of complete
evaporation of the black hole at certain finite x+evaporation. This is because the radiation would come exclusively from
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FIG. 2: The description Fig. 1 fits in here, yet, if backreaction induces complete evaporation in finite time we would
get a reduction of the atmosphere until it disappears. Region VI is flat, but VII is affected gravitationally by the
Black Hole radiation. In fact, the exact calculation may also show the formation of a new black hole as the radiation
reaches I+R , an iterative process that we skip here. The apparition of spatial infinity i0RL and I+RL after complete
evaporation may be affected by the last bit of radiation of the black hole. Yet, we rather postpone the discussion
until we get an analytical picture. All ambiguities in the description are represented by the dashdotted line.
high curvature regions x+ < x+evaporation, which would cease to exist after evaporation. Let us consider briefly the
atmosphere. In our approximation (52) this region is clearly delimited by a Heaviside function, which is a substitute
to the exact expression given for the Energy density flux from the conformal anomaly at ~ order (53). For a null shell
and no backreaction, from (50), we conclude that the atmosphere would produce radiation only in the region where
x−in(atm) ≥
4Gp
λ2
(1− x
+
0
x+
). (55)
In this expression we can notice that the atmosphere grows until the radiation reaches I+R as in Fig. 1. Backreaction
would change this behaviour at late times as in Fig. 2. The dashed line features the expected reduction of the
atmosphere –by the introduction of corrections to x−in(atm) in (55)– and eventually meets the singularity at the point
of complete evaporation. We do not provide conclusive evidence for the existence of the regions VI and VII in FIG.
2. This could be settled if it is proven that x+evaporation <∞, which would imply to find the intersection between the
singularity and the atmosphere’s boundary. Yet, the complete evaporation is not a requisite for the information to
reach I+R .
We conclude arguing that the reduction of the atmosphere has important implications for the retrieval of infor-
mation. In this scenario the eigenvectors of the outgoing radiation are of the form (54) with x+m = x
+(atm). This
radiation reaches I+R unaltered, allowing us to retrieve different pieces of information about the shell at different
times. This wouldn’t be possible without backreaction because, as we saw in section IV C, the eigenvectors of the
radiation would be independent of the parameters in I+R . This analysis about the effect of backreaction on the radiated
information is only valid in the two dimensional case. However, it suggests that it would not be possible to give a
satisfactory answer to the information paradox until backreaction effects will be taken into account.
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